The age-old problem of the quark mass function in QCD is examined afresh with special reference to the infrared behavour of the gluon propagator with small mass (m g ). Linear confinement in the instantaneous limit is ensured by a nonperturbative term proportional to k −4 , obtained via two differentiations: µ 2 ∂ 2 m (m 2 g + k 2 ) −1 , µ being another scale (to be determined). With this input, the Dyson-Schwinger Equation (DSE) (keeping rigorous track of gauge invariance, reinforced by the Landau gauge), is solved for the mass function Σ(p) with a new subtractive renormalization approach which leads to a simplified differential equation for the DSE. The latter is satisfied exactly in the large p 2 limit by the ansatz Σ(p) = Σ)0/(1 + βp 2 ). The limit p 2 = 0 determines Σ 0 .A third limit p 2 = −m 2 0 formally defines the dynamical mass via the equation Σ(im 0 ) = +m 0 , together with a mass renormalization factor Z m . After two approximate checks (f π = 110M eV and < qq >= (230M eV ) 3 , the formalism is extended to T-dependent DSE in the "real time" formalism, when m 0 , m g become m t , m gt , as functions of T . Taking account of the temperature dependence of the IR part of the gluon propagator, the "critical" index γ works out at 1/3, and the critical temperature T c = 150M eV .
Introduction
QCD, as the queen of strong interaction theory, lies at the root of a whole complex of strong interaction phenomena ranging from particle physics to cosmology,.Its principal tool is the quark mass function, termed Σ(p) in the following, as a central ingredient for the evaluation of a string of QCD parameters whose primary examples are the pion decay constant and the quark condensate. The thermal behaviour of the latter in turn has acquired considerable cosmological relevance in recent years in the context of global experimentation on heavy ion collisions as a means of accessing the quark-gluon plasma (QGP) phase [1] [2] [3] It is therefore essential to have on hand a reliable Σ(p) function in a non-perturbative form as a first step towards the evaluation of these basic QCD parameters. In this respect, QCD sum rule (SR), although a leading candidate for such studies for more than two decades [4] , does not quite fit the bill for a non-perturbative treatment in a closed form since the OPE underlying it is a small distance expansion . A standard approach is via the RG equation for the β function in the lowest order of g which yields α s (Q 2 ) = 2π/[9 ln (Q/Λ Q )] with 3 flavours, Λ Q being the QCD scale parameter [5] . Unfortunately the higher order terms in g are not particularly amenable to the simulation of non-perturbative effects. On the other hand, the Dyson-Schwinger Equation (DSE) offers a more promising tool [6, 5] which has often been used with the standard o.g.e. in the rainbow approximation [7] , but can be improved to incorporate gauge invariance so as to satisfy the W-T identity in the "dynamical perturbation theory" (which ignores criss cross gluon lines in the skeleton diagrams) with little extra effort, as first shown by Pagels-Stokar [8] . In this paper, we shall use the same approach, but explicitly add an extra term to the gluon propagator to augment the non-perturbative effects. Specifically we shall add to the simple gluon propagator k −2 a non-perturbative term k −4 which corresponds to a linear confinement in the instantaneous limit, so that both together act as the 'kernel' of the Dyson Schwinger Equation (DSE) [9] . Thus the total gluon propagator is given by
where µ is a scale parameter corresponding the (hadronic) GeV regime, (whose value will be dynamically linked to the solution of the DSE), and m g is a (small) gluon mass a non-zero value for which can be motivated from several angles, a notable one being the 'Schwinger mechanism' [10] as explained in the Jackiw-Johnson paper [11] . A second motivation was highlighted by Cornwall et al [12] , in the context of their approach to a more compact realization of gauge invariance via the so-called 'pinch mechanism' [12] . Yet a third motivation which is especially relevant in the present context of a temperature dependent DSE, comes from regarding it as a sort of 'Debye mass' running with the temperature [13] . A non-perturbative gluon propagator (with harmonic confinement) was employed in [14 15 ] as a kernel of a BSE for the gg wave function for the calculation of glueball spectra , on similar lines tospectroscopy [16] Alternative BSE treatments for glueballs also exist in the literature [17] . In this paper, on the other hand, we seek specifically to examine the precise role of the 'confining part' of Eq.(1.1) in the solution of the DSE,from the point of view of its sensitivity to the mass function Σ(p). It is quite simple to show that second term in (1.1), which obeys both Lorentz and gauge invariance, gives linear confinement (∼ r) in the (3D) instantaneous limit t = 0 when m g = 0, while in a 4D (R) form it gives a logarithmic variation ∼ ln R.
In Sect.2, we formulate the DSE for Σ(p) where we employ a new form of (subtractive) renormalization, yielding a non-linear second order differential equation for this quantity. The dynamical mass m 0 is defined as the pole of S F (p) at iγ.p = −m 0 , and hence corresponds to the solution of the equation for Σ 2 (im 0 ) = m 2 0 , giving rise to a mass renormalization factor Z m according to rules [5] . In an analogous spirit, we shall designate Σ(0) as the constituent mass. For the solution of the resulting DSE, three crucial checkpoints are p 2 = ∞; p 2 = 0; p 2 = −m 2 0 which control the structure of Σ(p). The simplest ansatz consistent with a p −2 -like behaviour in the p 2 = ∞ limit, as demanded by QCD, is Σ 0 /(1 ± βp 2 ), but special care is needed to take care of possible spurious poles arising from such 'pole-like' structures. In particular, this issue is linked with the sign of the β parameter, for which only a negative value corresponds to the (sensible) result of Σ(0) > m 0 . In this respect the role of the conf ining term in (1.1) turns out to be quite crucial.And a self-consistent structure of Σ(p) as well as of S F (p) emerges from this analysis.
For a primary test of this structure, we choose in Sect.3,two key items i)and ii) f 2 π which turn out to be rather sensitive to the mass parameter Σ 0 (the constituent mass, as well as the dynamical mass m 0 which gives the pole of the S F function ), but hopefully less sensitive to the gluon mass m g . The quantitiesand f π to within ∼ 10% serve as approximate checks on the range of Σ 0 and µ with a fixed value of m g = 150MeV .
Sect.4 outlines the formulation of the temperature dependent DSE (TDSE for short) within the real time formalism [18] , instead of the imaginary time formalism [7, 13] a la Matsubara [19] , so that the Matsubara frequencies [7] do not appear explicitly in our formulation [18] . The order parameter in this regard may be chosen in one or more ways, a convenient choice being the dynamical mass (m 0 ) which now "runs" with the temperature and is renamed as m t . Other analogous quantities which are expected to "run" with the temperature are the gluon mass renamed as m gt , and perhaps even the confinement parameter µ whose apparently close connection with m t and m gt is brought out in Sect. (4) . It is found that the both the dynamical mass and the gluon mass have the same "critical index" γ = 1/3 (in accordance with the concept of 'universality' of critical indices), while the critical temperature works out at T c = m g ≈ 150MeV , a result which is sensitive to the functional form of the confinement parameter µ in terms of m t . Sect. 5 concludes with a discussion including a comparison with contemporary approaches, especially ref [13] .
A Differential Form Of Dyson-Schwinger Equation
We start by writing the DSE in the Landau gauge which ensures that the A parameter does not suffer renormalization [20, 13] . This is an additional precaution over and above the Pagels-Stokar DPT approach [8] to satisfy WT identity. The starting DSE in the Landau gauge for the function Σ(p), after tracing out the Dirac matrices takes the form
The first term on the RHS corresponds to the rainbow approximation [7] , while the second term gives the simplest realization of a gauge invariant structure by satisfying the WT identity a la Pagels-Stokar [8] . We now adopt a subtractive strategy to Renormalization by writing a similar equation corresponding to, say, p ′ , and subtracting one from the other. In particular p ′ can be infinitely close to p, resulting in a differential form. Thus we subject both sides of the eq.(2.1) to the differential operator p.∂, instead of the alternative scalar form p 2 ∂ p 2 , since it is more naturally attuned to handling two vectors p, k that occur on the RHS. The main advantage of this crucial step is to reduce the degree of divergence of the integral w.r.t. k by two units, which in turn allows further simplifications on Σ(p − k) on the RHS, since it falls off rapidly with k 2 . In particular, we are allowed the following simplification as a result of this crucial step of reducing divergence via differentiation:
A second simplification arises from a contraction of the factors (p − k) µ (2p − k) ν and (δ muν − k µ k ν /k 2 ) which is almost independent of k µ , and gives on angular integration [21] :
Further, against the background of the differential operator p.∂ p on both sides of (2.1), we can replace the mass function Σ 2 (p − k) inside the fermion propagator on the RHS in the background of this improved k-convergence, by simply replacing Σ 2 (p − k) by Σ 2 (p), since this quantity already falls off with momentum. The resulting eq.(2.1) now takes the form
where we have written F 1 .F 2 = −4/3, and defined derivatives and propagators as :
Note that decoupling of Σ(p) from k µ now facilitates the k-integration, thus converting the DSE into a differential equation, while the functional form of Σ(p) as yet remains undetermined. The next task is to integrate w.r.t. d 4 k which for the o.g.e. term is still logarithmically divergent and hence requires 'dimensional regularization ' (DR) a la t'Hooft-Veltmann [22] , while the confining term gives a convergent integral.
Dimensional Regularization for Integrals
.Denote the two integrals of Eq. (2.2) containing the o.g.e. term only by I and II respectively, of which only I is divergent, but II is convergent by itself. .Thus write for I in the Euclidean notation for dimension n, using the DR method [22, 21, 9] 
where we have introduced the Feynman variable 0 ≤ u ≤ 1, ζ is a UV dimensional constant, ǫ = 4 − n, and
The integration over k 2 is now straightforward , while that over u is simplified by dropping the m 2 g term since there is no infrared divergence.The result of all these steps after subtracting the UV diverdence [22] is (with g 2 s = 4πα s ):
The other integral II which is UV convergent, does not need DR [22] and gives
Thus the resulting DSE may be expressed compactly from (2.2) as
where we have taken I and II from the o.g.e. contributions (2.7) and (2.8) respectively, as well as added two similar(infrared)) terms I ′ and II ′ arising from the confining part of the gluon propagator. In the same normalization as above the last two work out as
Note that the last two terms are at least of two lower orders in p than their o.g.e. counterparts, so that they will not contribute to the p 2 = ∞ limit of the differential equation (2.9).
2.2
Large and Small p 2 Limits of DSE for T = 0
To solve eq.(2.9), it is useful to try a simple ansatz, viz.,
whose asymptotic form is compatible with perturbative QCD expectations for massless quarks in the chiral limit [7, 8] .
Large p 2 limit
Remembering the definition (2.3) for Σ ′ , etc., we have in the large p 2 limit for the function
Now remembering the upper limit of p 2 being constrained by the UV parameter ζ 2 , substitution from (2.9) yields the result
being the usual QCD scale parameter. Thus eq.(2.12) determines the value of the maximum momentum ζ within this approach, and shows that our formalism does not permit p 2 to exceed ζ 2 . Unfortunately eq.(2.12), which corresponds to the check point p 2 = ∞, restricts ζ to a rather low value :
where the MS scheme (notM S !) has been employed.
Small p 2 limit
Next we consider the small p 2 limit of eq.(2.9) where for the argument of α s we put the 'lowest value' p = Λ Q , leading after straightforward simplifications to
where the dimensionless quantities are defined as
and the two signs in (2.14) correspond to β being positive or negative respectively. Now for positive β, there are solutions even without the IR (confining) terms I ′ and II ′ in (2.9), but these unfortunately correspond to rather large values ( 600 − 900MeV ) of Σ 0 , and hence not of much practical value, apart from the (more serious) problem of the 'dynamical mass' m 0 exceeding the 'constituent mass' Σ 0 ( see below). A more interesting possibility arises from negative values of β for which the inclusion of the confining terms I ′ and II ′ plays a more direct role in determining a solution of (2.9) compatible with the requirement Σ 0 > m 0 . Since this appears to be the only case of physical interest, (despite the unpalatable negative sign before β in eq.(2.11)) we shall hereafter consider only this case and write (2.11) as
while guarding against the possibility of spurious poles in p 2 , which amounts to restricting the physical applicability of the programme to relatively "low "values of p 2 .
Dynamical Mass And Mass Renormalization
The third point p 2 = −m 2 0 which defines the dynamical mass, corresponds to the ' 'pole' of the propagator S F (p), so that
Substituting from (2.16) gives a cubic equation in m 2 0 :
Using the dimensionless variables x 0 = βΣ 2 0 and y 0 = βm 2 0 , this reduces to the cubic y 0 (1 + y 0 ) 2 = x 0 which has one real solution :
while the other two solutions are (fortunately) complex. The propagator (after tracing out the Dirac matrices may be written as
making use of eq.(2.17), and introducing a "mass renormalization" factor Z m to be determined. It is now easy to extract the factor (p 2 + m 2 0 ) from the denominator of (2.19), after substituting from (2.16) to give
where Z m is determined by the condition that at the pole this quantity reduce exactly to m 0 /(p 2 + m 2 0 ). This gives where x 0 = βΣ 2 0 , and λ = 2µ 2 β. A practical way is to solve (2.22) for x 0 with typical inputs Σ 0 = 300MeV and m g = 150MeV , but leaving the parameter λ as yet undetermined. Next the connection between x 0 and y 0 is determined via (2.18) . A convenient set of values of y 0 is 0.08; 0.09; 0.10, which corresponds to 0.3422; 0.3592; 0.3766 for x 0 respectively. For each of these x 0 values, λ can be determined from (2.22) . The latter is an index of the strength of the confining term needed to provide the connection between the 'dynamical' (y 0 ) and 'constituent' (x 0 ) masses. Fortunately the determination of λ is not too sensitive to these two quantities, its range of values being limited to 0.08 ± 0.001. We shall come back to this point in Sect.4 in connection with the T-dependent DSE. The other vital parameter is β which provides the scale for these masses, the corresponding values for the DSE, analogously to the points p 2 = ∞ and p 2 = 0 considered in the foregoing. As a matter of fact, this condition has already been subsumed in the determination of the relation between the constituent and dynamical masses in eqs.(2.19-2.21) within the specific structure (2.16), so no new results can come from the DSE for p 2 = −m 2 0 . The latter is however reserved for Sect.4 in connection with the T-dependent form of the DSE to be considered. But before implementing the T-dependent DSE programme, it is first necessary to carry out two vital tests of this T = 0 formalism, viz., its performance on the two crucial quantities <> and f 2 π , which we consider next.
Tests of Mass Function: < qq > And f 2 π
The quark condensate and the pion decay constant are regarded as fairly sensitive tests of the mass function Σ(p) determined as a solution of the DSE, albeit in the (somewhat unconventional) differential form (2.18) . To that end we first collect their formal definitions as follows.
which simplifies on making use of eq.(2. 19-2.20) to
, with Z m given by (2.21) . The corresponding quantity f 2 π may be taken over from Pagels-Stokar [8] in the Euclidean form
where again the functions may be taken over from (2.19-2.21), noting that Z 2 m will now appear on the RHS. The derivations of (3. 
Numerical Results for Condensate And Pion Decay
The key parameters on which these two quantities depend are Σ 0 (which determines β via x 0 ), and y 0 , or equivalently, a. Since the object of this investigation is not to provide any detailed fit to these quantities, rather to see if this new differential form of the DSE is consistent with the conventional range of values of the constituent and dynamical masses, we shall refrain from any fine-tuning and offer some typical values within this alternative DSE framework, which, by virtue of the fairly rigid connection between Σ 0 and m 0 brought about by the cubic equation (2.18), does not leave much room for manoeuevre in this regard.Thus, with a typical Σ 0 = 300MeV , if we take y 0 = 0.09, which corresponds to a = 0.443, and β = 3.990, we get
Although such numerical values leave much to be desired, they are not amenable to much fine-tuning without vastly extending the numerical framework. For although with a slightly increased y 0 = 0.1, the f π can be brought down to ≈ 100MeV , the condensate comes precipitously close to zero, which is an index of the relative sensitivity of these complementary quantities within this simple framework. On the other hand, the confinement parameter λ that remains practically unchanged at ≈ 0.08, is the quantity to investigate in the context of the T -dependent DSE, in particular its possible temperature dependence which is going to be crucial for a self-consistent determination of the critical temperature T c to be considered in Sect.4 to follow.
T-Dependent DSE In Real Time Formalism
To formulate the T-dependent DSE, we have two broad options: real [18] vs imaginary [19] time formalisms. The T = 0 structure of the DSE suggests that it is natural and convenient to employ the real time formalism, although we note that the Matsubara frequencies [19] in the imaginary time formalism have been extensively employed in ref [7, 13] . For the real time formalisn, we shall follow the prescription of Dolen-Jackiw [18] for adding to the quark and gluon propagators (which can be easily read off from the main DSE, eq.(2.9)), the Boltzmann factor -dependent imaginary parts leading to the modified propagators as follows
where the quark energy E p is the fermionic analog of the gluon energy ω, eq.(4.1). However because of the much larger value of the 'constituent' mass Σ 0 compared with the (smaller) gluon mass m g , it is quite safe to neglect the T-dependent correction to the quark propagator compared to the gluon which alone we shall keep henceforth. There are now two kinds of operations on (2.9). Namely, since the p 2 values are being considered on the mass shell, we shall now write p 2 = −m 2 t (instead of −m 2 0 )to emphasize the Tdependence of this quantity. Similarly (see Sect.1) we shall consider the gluon mass m g and the constituent mass Σ 0 to "run" with T , and designate them as Σ t and m gt respectively. Secondly because of the second term in (4.1), we shall have extra contributions to the four pieces on the RHS of (2.9), all involving the Boltzmann factor, but giving rise to 3D integrals only. We now collect these values separately, starting from the results of Sect 2.1
T-Dependent forms of I; II and I ′ ; II ′
To simplify the 4 pieces of the DSE, eq.(2.9), on the T-dependent mass shell, the following results are useful.
Collecting these results on the (now T-dependent) 4 pieces on the RHS of (2.9) we have
To these pieces must be added the Boltzmznn parts of the gluon propagators accruing from (4.1). These are basically 3D integrals because of the δ-functions. To evaluate them the following quantities come into play
Here we have taken the rest frame of p µ , viz., p = 0. The Boltzmann parts normalized to the pieces in (4.5) are
where the lower limit of ω integration is m gt and the two integrands are
(4.9)
The complete T-dependent DSE is now obtained by modifying (2.9) a la (4.5) and adding the pieces (4.9-4.10)after integrations. Before carrying out these integrations we notice some general features of these quantities in the neighbourhood of the critical temperature T c . Namely, i) the powers of m t are spaced by three units; ii) m t and m gt are always involved in identical ratios. One may infer from this that the critical index γ for both is the same at 3γ = 1, consistent with universality [23] for such quantities. Thus in the neighbourhood of T c one may take
The quantity Σ t in contrast, varies slowly with T [23] . The variation of λ t will be discussed below.Retaining only the lowest powers of the small quantities m t , m gt , most of the terms in the T − DSE will drop out, and the integrals (4.9-10) will be considerably simplified to This equation suggests a simple structure for λ t , perhaps one of the very few consistent with its solution, viz.,
where λ 0 may be identified with the value found in Sect.3, viz., λ = 0.08±0.001. Eq.(4.13) after substitution from (4.12), now reduces to two equations, involving the coefficients of
Substituting from Sect.3.3 gives the surprisingly simple result
.
Summary and Conclusion
In retrospect, we have proposed a new (differential) form of the Dyson-Schwinger Equation (DSE) for the mass function Σ(p), based on an (infinitesimal) subtractive form of Renormalization in QCD. Such 'subtraction' in turn amounts to employing a differential operator of the form p µ ∂ µ applied on both sides of the DSE, whose effect on the RHS is to lower the degree of divergence w.r.t. the integration variable k µ by T W O units. It is in the background of this (differential form of) subtractive renormalization, that it becomes possible to approximate the quantity Σ(p − k) inside the integral by Σ(p) since the k-dependence of this already decreasing quantity is no longer sensitive to the principal term (p − k) 2 in the quark propagator. [Without this background of an improved k-convergence, however, this approximation would not have been justified ]. This crucial step which has facilitated the integration over d 4 k without further ado, has thus helped convert the DSE into a second − order differential equation, the extra order (beyond the rainbow approximation [7, 13] ) arising from the term responsible for satisfying the WT identity a la Pagels-Stokar [8] , hence helping preserve gauge invariance. To reinforce this effect, we have additionally employed the Landau gauge which makes the DSE virtually depend only on the mass function Σ(p) by effectively eliminating the A-function [ 20, 25] . (This last step agrees with ref [7] but goes beyond their rainbow approximation ).
To solve the resulting differential form of the DSE, we have taken recourse to three crucial check-points: p 2 = ∞, p 2 = 0, and p 2 = −m 2 0 , using a pole ansatz, (2.16) which is consistent with the form p −2 in the large p 2 regime, in agreement with dynamical breaking of chiral symmetry for massless quarks [7] , as is also the case here. This has given a rather small value on the UV parameter ζ that appears as an argument of α s , which effectively restricts the range of applicability of this formalism to moderate values of p 2 . For the low p 2 regime, we have introduced two kinds of masses: the constituent mass Σ(0) which is generally believed to be of ∼ 300MeV , and the dynamical mass m 0 which satisfies the equation Σ(im 0 ) = m 0 corresponding to the pole position of the quark propagator p 2 = −m 2 0 . Now for the simple form (2.16) the connection between the two 'masses' is given by (2.18) (as the solution of a cubic equation) which satisfies the condition of Σ(0) > m 0 , while the requirement of a pole at p 2 = −m 2 0 yields the mass renormalization factor Z m , eq.(2.21). The parameter β in eq.(2.16), for a given Σ(0), is determined by the low energy form of the DSE. The confining parameter 2µ 2 (≡ λ/β) which seems to have played a marginal role so far in this T = 0 description of the DSE, turned out to be rather crucial for T > 0, as found in Sect.4 (see below). We have also considered a non-zero value of the gluon mass for which several arguments have been advanced in the literature [11] [12] [13] .
We have also carried out two important applications of Σ(p) obtained from this new formulation of the DSE, viz., the quark condensate and the pion decay constant. more by way of some basic calibration of the formalism than as a means of detailed phenomenological fits to hadronic data [7] . Thus a fit to within about 10% has helped in obtaining a rough location of the parameters involved. The more important question on the other hand is how this non-perturbative formalism lends itself to a T -dependent description of critical phenomena, and how realistically it can simulate the critical temperature and indices of the QGP phase transition (believed to be of the second order). This task has been outlined in Sect.4 by considering two simple candidates for the order parameter, viz., the temperature-dependent quark (m t ) and gluon (m gt ) masses. There has been little choice in this selection, since both these quantities go almost in pairs within the T − DSE formalism. In this respect, the demands of consistency of the T − DSE solution have necessitated a T -dependence of the IR confining parameter λ, for which an ansatz of the form (4.14) is indicated. Two clear results have emerged from the analysis, viz., i) a bunching of the powers of m t in units of three suggest a critical index γ = 1/3 according to conventional analysis [23, 13] ; ii) and the 'matching' of the coefficients of like powers of the reduced temperature τ have led to a very simple solution of the form (4.15), involving the ratio ν = m g /m 0 of the gluon and quark masses at T = 0. And for our solution of the DSE in Sect.2, this leads to a rather plausible value of the critical temperature at T c ≈ 150MeV .
For a comparison of this result with those of contemporary approaches, an extensive set of investigations have been carried out by Roberts and collaborators [13] , as well as by other authors [26] . Our approach differs from this group's [13] in one important respect: the role of explicit chiral symmetry-breaking via small but non-zero u −d masses, which in their analysis is akin to the effect of an external magnetic field on magnetic susceptibilities. In the present approach, this aspect of explicit symmetry breaking has not been considered. Instead we have the IR (confining) term in the gluon propagator which seems to play an analogous role by providing a counter term to the dynamical mass running with the temperature. A more detailed investigation is in progress. Using the notations x = βp 2 and y 0 = βm 2 0 , and anticipating a UV divergence which requires a DR treatment [22] , we write 4 → n in eq.(3.2) which reduces after the angular integration [22, 9] to
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Now put in the numerator
which makes the first part convergent as it is, while the second part is divergent requiring a DR treatment [22] . Thus write
where the two integrals are defined as
The integrals in (A.2) are now both in standard form , and results can be written down directly as: Substituting these results in (A.2) and doing DR [22, 9] in the standard manner, gives finally Since the integral (3.3) is convergent by itself, DR [22] is not necessary in this case. After the angular integrations (using the dimensionless units x, y 0 as before ), and carrying out the differentiations, (3. 3) reduces to
where the integral is defined by
Now transform the variable from x to u, and then from u to v as
The result of these two transformations is to give an integral in v where a further simplification is achieved by dropping the odd terms in v in both the numerator and denominator of the integrand. This gives
The next step is to make the two successive transformations v = tan θ; 2θ = φ which finally ensure that the limits of φ are −π ≤ φ ≤ +π, i.e., a full unit circle which facilitates a contour integration in the standard manner with z = exp iφ. The poles lying within the unit circle are a simple pole at z = 0, and a double pole at z = z 0 ≡ 1 + a 2 /2 − a 1 + a 2 /4; a 2 = 2y 0 (1 + y 0 ) (B.4)
The final result of integration is to give 
